Abstract. By the use of the celebrated Kato's inequality we obtain in this paper some inequalities for operator-valued integrals on a complex Hilbert space H: Among others, we show that
Introduction
We denote by B (H) the Banach algebra of all bounded linear operators on a complex Hilbert space (H; h ; i) :
In 1952, Kato [16] proved the following celebrated generalization of Schwarz inequality for any bounded linear operator T on H: If T = U; a unitary operator, i.e., we recall that U U = U U = 1 H ; then the inequality (1.2) becomes jhU x; yij kxk kyk for any x; y 2 H; which provides a natural generalization for the Schwarz inequality in H:
The symmetric powers in the inequalities above are natural to be considered, so if we choose in (1.2), (1.3) and in (1.4) = 1=2 then we get for any x; y 2 H
hjT j x; xi hjT j y; yi ;
hjN j x; xi hjN j y; yi ; [3] - [12] , [19] - [23] and [26] .
By the use of the celebrated Kato's inequality we obtain in this paper some inequalities for operator-valued integrals on a complex Hilbert space H: Natural applications for various norms and numerical radii associated with the Bochner integral of operator-valued functions and some examples for the operator exponential are presented as well.
Some Facts on Bochner Integral
Let F (B; E; A; ) be the linear space of functions x (t), t 2 E , with values in a real or complex Banach space B, given on a measurable space (E; A; ) endowed with a countably-additive scalar measure on a -algebra A of subsets of E.
A function x 0 2 F is called simple if can be de…ned as, see [25] x 0 (t) := 8 > > < > > :
x i 2 B; t 2 A i 2 A, (A i ) < 1; i 2 f1; :::; ng A k \ A j = ;; k 6 = j; k; j 2 f1; :::; ng ;
A function x 2 F is called strongly measurable if there exists a sequence fx n g of simple functions with kx n xk ! 0 almost-everywhere with respect to the measure on E. As a consequence of this, the scalar function kxk is A-measurable.
For the simple function x 0 2 F as above we de…ne the integral by Z
A function x 2 F is said to be Bochner integrable if it is strongly measurable and if for some approximating sequence fx n g of simple functions we have
The Bochner integral of such a function over a set A 2 A is de…ned as Z
where A is the characteristic function of A, and the limit is understood in the sense of strong convergence in the Banach space E. This limit exists, and is independent of the choice of the approximation sequence of simple functions.
It is well-known that, for a strongly-measurable function to be Bochner integrable it is necessary and su¢ cient for the norm of this function to be integrable, i.e.
The set of Bochner-integrable functions forms a vector subspace L (B; E; A; ) of F (B; E; A; ), and the Bochner integral is a linear operator on this subspace. Some fundamental properties of Bochner integrals are as follows [25] , see also [27] , [2] , [14] , [15] and [28] :
(1) For any x 2 L (B; E; A; ) we have the norm inequality Z
(2) Bochner integral is a countably-additive -absolutely continuous set-function on the -algebra A, i.e. Z
uniformly over A 2 A. (3) If x n 2 F; x n ! x almost-everywhere with respect to the measure on A 2 A, if kx n k f almost-everywhere with respect to on A, and if
The space is complete with respect to the norm
Now, if we multiply the inequality (3.5) by p (t) 0; integrate over d ( ) on E and use the scalar weighted Hölder inequality we have Z
for any x; y 2 H with kxk = kyk = 1; and the proof is complete.
Remark 1. The inequality (3.1) becomes for y = x the following simpler result that is useful for deriving numerical radius inequalities:
for any x 2 H with kxk = 1:
Remark 2. In addition to the assumptions of Theorem 1, if the values of the function V ( ) are normal operators for -almost every (a.e.) t 2 E; i.e., jV j
This inequality implies the simpler result
From a di¤erent perspective, we can state the following result as well: and the s-2-p-semi-numerical radius by
If we consider the Banach space L 2 ; p (E; B (H) ; ) of all functions V ( ) : E ! B (H) that are -measurable on E and such that
we observe that k k p;2 and w ( ) p;2 de…ned on L 2 ; p (E; B (H) ; ) are nonnegative, absolute homogeneous and satisfy the triangle inequality on this space. If we consider the norm on L 2 ; p (E; B (H) ; ) induced by the numerical radius on B (H), i.e.
then by taking into account the well known numerical radius-norm inequalities
we observe that the norms k k p;2 and w p;2 ( ) will preserve the inequalities (4.1).
Utilising the properties of the supremum, we also observe that 
Proof. By the Cauchy-Bunyakovsky-Schwarz integral inequality and the inequality (3.1) we have Taking the supremum over kxk = kyk = 1 we have " 
From (4.4) we also have
Now, we can consider the following Banach space L 1 ; p (E; B (H) ; ) of all functions V ( ) : E ! B (H) that are -measurable on E and such that
We can consider in this space the following numerical radius
and taking into account the inequality (4.1) we can state that
We can de…ne the s-1-p-semi-norm by
and the s-1-p-semi-numerical radius by
Utilising the supremum properties we also have (4.10) V ( ) s;p;1 V ( ) p;1 and w s;p;1 V ( )
More related results are incorporated in the following theorem.
provided that jV j 
Remark 6. The case = 1 2 is of interest since it generates from (4.14) the following inequalities w s;p;1 V ( ) (4.15)
From (4.11), we also have for = 1 2 the following re…nement of the integral triangle inequality for norm:
Moreover, if the values of the function V ( ) are normal operators for -a.e. t 2 E; then the inequality (4.16) becomes
Applications for the Operator Exponential
It is known that if U and V are commuting operators, then the operator exponential function exp : B (H) ! B (H) given by If S is an invertible selfadjoint operator, then from (5.6) we get for any a; b 2 R with a < b that for any x; y 2 H and 2 (0; 1) :
The interested reader may state the corresponding norm inequalities. However the details are omitted here.
